As an important sequential work of the S-wave B ( * ) c ( 1 S 0 ( 3 S 1 )) meson production at the Large Hadron Electron Collider (LHeC), we investigate the production of the P-wave excited B * * c states ( 1 P 1 and 3 P J with J = 0, 1, 2) via photoproduction mechanism within the framework of nonrelativistic QCD (NRQCD) at the LHeC. Generally, the e − + P → γ + g → B * * c + b +c process is considered as the main production mechanism at an electron-proton collider due to the large luminosity of the gluon. However, according to our experience on the S-wave B ( * ) c meson production at the LHeC, the extrinsic production mechanism, i.e., e − + P → γ + c → B * * c + b and e − + P → γ +b → B * * c +c, could also provide dominating contributions at low p T region. A careful treatment between these channels is performed and the results on total and differential cross sections, together with main uncertainties are discussed. Taking the quark masses m b = 4.90 ± 0.40 GeV and m c = 1.50 ± 0.20 GeV into account and summing up all the production channels, we expect to accumulate (2.48 +3.45 
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I. INTRODUCTION
The doubly heavy meson physics has aroused great interests due to its nature, which can be studied in the framework of nonrelativistic QCD (NRQCD) [1] . The production of the doubly heavy meson can be factorized into a hard production of two heavy quark pairs which can be described by perturbation QCD (pQCD), and a soft term related to the nonpertubative binding of them. Thus, it is a good laboratory for testing NRQCD, pQCD and QCD potential models.
Among the doubly heavy mesons, the B c meson is especially interesting for its unique properties, which is the only observed meson composed of a heavy quark and a heavy antiquark of different flavors. Unlike the charmonium and bottomonium states, which have 'hidden flavor', the B c meson is made of a charm quark and a bottom antiquark, and the production of B c meson must be accompanied by additional heavy quarks especially in hadronic production [2] .
For example, production of a color-singlet (cc) 1 and a color-octet (cc) 8 quarkonium states are allowed for the channel γ + g → |(cc) 1/8 + g/γ. Therefore, compared with the production cross sections of hidden flavor quarkonia, the cross section of B c meson is suppressed by not only the phase space but also the higher order in the coupling constants of leading-order diagrams. Due to the small production rate and the low colliding luminosity, the B c meson was not found at LEP despite of careful searches [3] [4] [5] . At hadron colliders, the background is extremely serious. With much time and effort, the ground-state B c meson was finally observed by the CDF at Tevatron in 1998 [6, 7] . Now we also need more data to understand the properties of B c meson, such as mass spectrum, lifetime and decay. Thus, the researches on various production mechanisms at different platforms are required to study the properties of B c meson.
The hadronic production of B c meson was amply studied directly via gluon-gluon fusion and etc, or indirectly via top quark, W or Higgs boson decays . These studies indicated that at a hadron collider, such as the Large Hadron Collider (LHC) or Tevatron, sizable B c events can be produced due to the powerful colliding energy and high luminosity. The B c meson production at electron-positron colliding platforms, such as super Z-factory and International Linear Collider (ILC) were discussed in [31] [32] [33] [34] [35] [36] [37] [38] . These lepton platforms have more clean background, hence are more suitable for precision measurement. For example, the authors in Refs. [31, 32] are interested in the forward-backward asymmetry in the production of doubly heavy-flavored hadron at the Z factory. For an electron-proton collider, which combines the advantages of hadron collider and lepton collider, may also be a good platform to study doubly heavy-flavored hadrons. Thus, we have studied the B ( * ) c meson and doubly heavy baryon production [39, 40] at the Large Hadron Electron Collider (LHeC) [41] and Future Circular Collider-based electron-proton collider (FCCep), and we found these platforms are very helpful for study doubly heavy-flavored hadrons.
Recently, a new state has been observed by the ATLAS experiment [42] , whose mass and decay mode are consistent with the theoretical prediction of the second S-wave state B ± c (2S).
The B ± c (2S) state is reconstructed through its decay to the ground state accompanied with two oppositely charged pions, and the B c ground state is detected through its decay B ± c → J/ψπ ± .
Besides, the excited B c states can also decay (or in a cascade way) to the ground state through the electric or magnetic dipole transitions. In contrast with the hadronic decay, the feature of the electromagnetic decay of the excited B c states is that the characteristic product is an additional photon with energy about dozens or hundreds of MeV [43] [44] [45] rather than pion. The measurements to the characteristic products, i.e., the pion or photon, can be treated as the signals for the discovery of the excited B c states and the measurements of the ground or excited B c states can provide the opportunity for extracting information on the mass spectrum of the (cb) bound states and QCD potential models.
Generally speaking, the excited B c states shall decay (or in a cascade way) to the ground state via electromagnetic or hadronic interactions with almost 100% probability, besides, its excited states may not be discriminated easily from its ground state in experiments. Thus, it's necessary to estimate the production rate of excited P-wave B c states, which will contribute to the production rate of S-wave B ( * ) c states. On the other hand, it's helpful for the discovery of the excited B c states to give the dynamic distributions of the production. Studies on the production of excited B c states have been done in the literature [17, 18, 20, 31, 33, 37] , and they found that the excited P-wave B * * c states can provide about 14% ∼ 17% contributions compared to the S-wave B ( * ) c states.
As indicated in Ref. [39] , large number of B c events at the LHeC, we are interested in whether enough P-wave B * * c events can be accumulated at the LHeC. In this paper, in addition to gluon-induced channel γ+g → B * * c +b+c, two extrinsic heavy quark channels γ + c → B * * c + b and γ +b → B * * c +c are included. Although the density ofb and c quarks are small in proton, the contributions of γ +c and γ +b channels can not be neglected for the larger phase space and lower order in the coupling constants compared to the γ + g channel.
The photoproduction of the B c meson at the LHeC can be divided into three steps, which contain three subprocesses,
First, the photon beams are produced from the electron bremsstrahlung and the partons are radiated from the protons. The density of photon beams can be described by the Weizsäcker-Williams approximation (WWA) [46] , and the parton densities are described by the parton distribution functions (PDFs). Second, photon beams interact with the partons and a diquark state with certain quantum numbers (cb)[n] is produced, and this step can be calculated by the pQCD. Finally, the (cb)[n] are bounded together to form the B * * c meson through nonperturbative effect, which can be described by the nonperturbative matrix element, and the matrix element is proportional to the inclusive transition probability of the (cb)[n] diquark to the bound state B * * c . In this work, we only focus on four color-signet diquark states of (cb)[n], i.e., (cb)
This paper is organized as follows: we present calculation details in Section II. The numerical results are given in Section III and the summary is presented in Section IV.
II. OUTLINE OF THE CALCULATION
Based on pQCD, the total cross section of the B * * c meson production can be factorized into the convolution of the parton/photon density functions and the partonic cross section dσ γi (µ,
as follows:
here we have taken the renormalization scale µ r and the factorization scale µ f to be the same,
i.e., µ r = µ f = µ. f i/P are the PDFs and f γ/e − is the photon density function which is described by the WWA as
where x is the fraction of the longitudinal momentum of the photon to electron beams. Q 2 min and Q 2 max are the minimum and maximum photon virtuality which can be expressed as
where θ c is the electron-scattering angle and E e is the the electron beam energy, which are determined by the collider. In this work we set θ c = 32 mrad which is consistent with the choices in Refs. [50, 51] and is satisfied with the requirement of θ c ≪ 1 rad [52, 53] .
To avoid the 'double counting' between γ + g and γ + q channels, the general-mass variableflavor-number scheme (GM-VFNs) [54] [55] [56] [57] [58] is adopted here. The cross section under the GMVFNs is
dσ γg contains mass logarithmic terms ln(Q 2 /m 2 q ), and these logarithmic terms originate in the Feynman diagrams which contains initial gluon splitting to a heavy quark pair g → qq. dσ is the infrared-safe partonic cross section which avoid the logarithmic terms through the subtraction of the term f sub q/P (µ, x 2 ):
where P g→q (y) = 1 2 (1 − 2y + 2y 2 ) is the g →splitting function.
The partonic hard cross section dσ γi can also be factorized into a diquark production (cb) [n] multiply by the nonperturbative matrix element ) can be calculated from the potential model [47] [48] [49] . dΦ stands for the phase-space element and M for the hard scattering amplitudes of (cb)[n] production which contains the precise spin and orbit information,
is the polarization vector of the angular momentum triplet 1 P 1 diquark and ε J αβ (p 3 ) stands for the polarization tensor of spin triplet P-wave 3 P J diquark. The summation over the polarizations obey the following relations:
where
10)
M is the mass of B * * c meson and T is related to the Feynman diagrams. For example, the 12) where Γ = γ 5 for the spin singlet state, and Γ = γ β for the spin triplet states. q is the relative momentum among the quarks inside (cb)[n], which can be set as zero after the derivation of the amplitudes.
The Feynman diagrams and amplitudes are generated by FeynArts [59] and further simplification on the amplitudes are handled by FeynCalc [60] and FeynCalcFormLink [61] . Numerical calculations are performed by FormCalc [62] .
III. NUMERICAL RESULTS
The derivative of the wave function at the origin |R ′ P (0) | 2 = 0.201 GeV 5 is taken from Ref. [47] .
The P-wave B * * c mesons mass M is taken as same with the S-wave B 
We use CT10nlo [63] as default and the α s is extracted from the PDFs.
The cross sections for all the production channels with four collision energies at two electronproton colliders are presented in Table I worth to study the excited states at these two platforms. By summing up the four P-wave B * * c states, We see also that the γ +b channel makes the largest contributions to the P-wave B * * c state production, while the contributions from the γ + g and γ + c channels are at the same order which only provide about 5% and 1% to the total cross section for various electron-proton colliding energies. Besides, by summing up all the production channels, the four B * * c states, i.e., 1 P 1 , 3 P 0 , 3 P 1 and 3 P 2 , provide individually about 21%, 10%, 21% and 48% contributions to the total cross section, respectively. The total cross section are similar at different colliding energies, and in the following, we focus on the B * * c meson production at the √ S = 1.30 TeV LHeC. The B * * c transverse momentum (p T ) distributions of all the production channels at the LHeC are shown in Figs.1(a,b) . From the figures we can see that the contribution from γ +b channel dominates in the low p T regions, but drops down more drastically than that from the γ + g channel. Although the contribution of the γ + g channel is suppressed in the low p T region, it becomes the main contribution when the p T goes up to large value range. We can see if one wants to select the P-wave B * * c production signal from the γ + g production channel at the LHeC, one can simply accept the events by imposing proper high lower p lower
and then the heavy quark initiated P-wave B * * c production events can be suppressed. We find also from both Figs.1(a) and (b) that each differential cross section curve for the P-wave B * * c meson from the γ +b production channel, has a pick around 1 GeV, which is quantitatively exceeded one or two order of the those for the γ + g and γ + c production channels. Thus, if the p T acceptance range of the B * * c mesons is limited all around 1 GeV, it is advantageous for the investigation of the P-wave B * * c mesons from the γ +b production channel. 
We present the rapidity (y) distributions of B * * c mesons in Figs.2(a,b) . There the asymmetry rapidity distributions indicate that the dominate contributions are located in the region around y = 1, due to the colliding energies of the incoming particles being not equal and the majority of the photons radiated from electron beams carrying less energies than the partons in the protons. Figs.2(a,b) show that the B * * c meson rapidity distributions of all the three channels drop sharply when y increases from 2 to 3, while go down gently if y decreases from -4.
We know that the total cross section for B * * c production should be sensitive to various physical cuts, such as the p T and y cuts on the final mesons. The cross sections by applying different p T and y cuts on B * * c mesons are presented in Table II and Table III separately. The data show that if the events are accepted with the condition of p T > 1.0 GeV, the cross section via γ +b channel is about one order larger than that from the γ + g channel, which can be demonstrate also form the p T distributions shown in Figs.1(a,b) . By summing up the three channels and the four P-wave B * * c states, we can get the ratio ( σcuts σ No cuts ) as 59.09%, 9.34%, 2.81% 
by applying p T cuts as 1.0 GeV, 3.0 GeV and 5.0 GeV, respectively. Table III : The cross sections (pb) for the B * * c production at the √ S = 1.30 TeV LHeC under various y cuts. In photoproduction experiments, the study on inelastic B c events can give information on the gluon distribution in the nucleon [65] , and the inelasticity of the photoproduction can be denoted by the variable z =
, where p Bc , p γ and p P denote the momenta of the B c , γ and proton, respectively. In the elastic domain, z ≈ 1, and at low z region, the resolved effect should also make some contributions [66] . Normally one can obtain clean samples of inelastic events in the range of 0.3 z 0.9 [66] [67] [68] [69] . Figs.3(a,b) show the distributions of variable z, and in Table IV 
For the scale uncertainty, we present the results for µ = 0.75M T , M T and 1.25M T in Table   V separately. For the γ + c and γ + g production channels, the cross sections decrease slightly when the scale becomes larger, while for the γ +b channels, the situation is opposite. The scale uncertainties for the cross section (defined as
with µ ′ = 0.75, 1.25M T ) via the γ + c, γ +b and γ + g channels are −6% ∼ 8%, −79% ∼ 31% and −11% ∼ 15%, respectively.
By summing up all the three channels and the four P-wave B * * c states, the total cross section still increases with the increasement of the scale owing to the large contributions from the γ +b channels. Such a large scale dependence could be reduced by involving higher-order QCD corrections or improved by taking a proper QCD scale value [70, 71] . Table VI and Table VII , respectively. From the tables we can see that for most of the channels, the cross sections decrease when the c or b-quark mass becomes larger. The only exception is for the γ +b channel, whose cross sections increase when the b-quark mass becomes larger. The cross sections are much more sensitive to m c than to m b , however, the γ +b channel provides most of the contributions, thus we conclude that the total cross section decreases when the c-quark mass becomes larger or the b-quark mass becomes smaller. Besides, it is clear that the cross sections of P-wave states are more sensitive to quark masses than the S-wave states as declared in Ref. [33, 37] . By summing up the cross sections of all production channels and their mass uncertainties, we obtain the total cross sections as That means the contribution from total cross section of the P-wave B * * c states can be 20% ∼ 26%
of that from the S-wave B ( * ) c state production [39] in the range of the uncertainties of heavy quark masses. So these excited state contributions should be taken into consideration, especially for the future high energy and high luminosity colliders. 
IV. SUMMARY
In this paper, we studied the P-wave excited B * * c ( 1 P 1 and 3 P J with J = 0, 1, 2) meson photoproduction at the LHeC and three photoproduction channels, i.e., e − + p → γ + g → B * * c + b +c, 
